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INTRODUCTION 
In [1] we developed an eddy-current model and inversion algorithm for three-
dimensional flaw reconstruction, and applied it to the problem of reconstructing 
anomalies in tubes made of nonmagnetic, conventional metals, such as stainless-steel. 
The extension to ferromagnetic metals is presented in [2]. The algorithm required 
that the perturbed magnetic induction field be sensed over a two-dimensional surface, 
at a number of different frequencies, thereby allowing one to infer depth information 
about the anomaly, as well as lateral information. 
In this paper we seek to extend the multifrequency algorithm to advanced com-
posites, specifically graphite-epoxy. Because graphite-epoxy contains conducting 
fibers (graphite), electric currents will flow in a preferred direction, which is 
along the fibers. There is a significant current flow transverse to the fiber direc-
tion, because of the local fiber-to-fiber contact. This creates an anisotropic flaw 
inversion problem, which is the major difference between this problem and the previ-. 
ous ones. 
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Fig. 1. The physical model, consisting of a current sheet that excites the composite 
workpiece, and a sensor that measures the scattered field. The anomalous region is 
enclosed within a mathematical grid. 
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THE MODEL AND ALGORITHM 
The physical model is illustrated in Figure 1. A uniform current sheet, point-
ing along the fiber direction (the x-axis), excites the graphite-epoxy slab, whose 
thickness is zo. The current sheet can also be oriented along they-direction, which 
is transverse to the fibers, in order to obtain information about the transverse con-
ductivity. They-component of the magnetic induction vector (By) is sensed at anum-
ber of points in the plane z = e, which lies above, and parallel to, the slab. (This, 
then, is a one-sided interrogation system.) The flaw or 'anomalous region' lies within 
a regular mathematical grid, which consists of a number of volume elements, or 'vox-
els'. We have normalized the system equations so that if a voxel is completely covered 
by a flaw, the conductivity to be assigned to that voxel is -1, whereas, if the voxel 
is completely without a flaw, its conductivity is 0, and if the voxel is partially 
covered by a flaw, its conductivity is between -1 and 0. Our objective is to produce 
a conductivity map for the mathematical mesh. If the current sheet is oriented along 
the x-direction, then the conductivity is the longitudinal conductivity, and if the 
current sheet is along the y-axis, then the conductivity is the transverse conducti v-
ity. This assumes that the conductivity tensor has principal axes along, and trans-
verse to, the fiber direction. 
A model for eddy-current interactions with advanced composites has been devel-
oped [3] , and a brief version of it appears elsewhere in these proceedings [4] . That 
work, which is based on a rigorous application of Maxwell's equations of electromag-
netics, contains a complete discussion of the basic integral equations for the direct 
and inverse problems, including the derivation of the appropriate Green's functions, 
and the linearization and discretization of the integral equations. It should be con-
sulted for clarification of those details that we will omit in this report. 
The algorithm starts by taking the two-dimensional Fourier transform of the 
sensed induction field; the result is the following transform equation: 
N, 
B(kx, ky,w) = L HJ(kx, ky,w)O'J(kx, ky), 
j=l 
(1) 
where B(kx, ky, w) is the two-dimensional transform of the y-component of the perturbed 
induction field, and O'(kx, ky) is the two-dimensional transform of the conductivity 
distribution at the j -th layer of the anomalous region. If the current sheet is ori-
ented along the fibers (the x-direction), then u stands for the longitudinal con-
ductivity; for a current sheet oriented along they-direction, u becomes the trans-
verse conductivity, and B(kx, ky,w) is the two-dimensional Fourier transform of the 
x-component of the perturbed induction field. Hk(kx, ky, w) is the transfer function 
from the j -th layer to the sensor; it has one form when the current sheet is oriented 
along the x-direction, and another form for a y-directed current sheet. kx, and ky are 
the spatial frequencies in the x- andy-directions, respectively. 
In practice the two-dimensional Fourier transform is approximated by a two-
dimensional discrete Fourier transform, which is then computed using a fast Fourier 
transform (FFT) algorithm. The availability of the FFT is a significant advantage 
for casting all models in terms of Fourier transforms. We used the mixed radix FFT al-
gorithm of Singleton [5]; this algorithm allows a radix other than two and is easily 
used in multidimensional problems. 
The transfer function Hk involves certain integrals of the Green's function, 
and is computed in [3]. In addition, it should be pointed out that (1) is a discretized 
and linearized form of a nonlinear integral equation for inversion. The rationale 
used in transforming the general nonlinear integral problem into (1) is also explained 
in [3] . 
We have shown an explicit dependence of Band Hk on the temporal frequency, w, 
whereas O'k is independent of w. This allows us to acquire data to solve (1) for O'k as 
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a function of (k,., k11 ). We do this by measuring the perturbed induction field at sev-
eral frequencies, and then writing down an equation such as (1) for each frequency. If 
there are Nf frequencies, then, clearly, (1) becomes a system of N1 equations inN" 
unknowns, in each couple (k,, k11 ): 
N, 
B(k,.,k11 ,wi) = LH;(k,.,k11 ,wi)O';(k,,k11 ) 
i=l 
(2) 
N, 
B(k,, ky, WNJ) = L ii,(k,, ky,WNJ)O';(k,, ky)• 
j=l 
It is clear, now, that the model and algorithm are called' 'multifrequency'' be-
cause of the manner of acquiring data and forming the system equations, (2). When this 
system is nonsquare, as it usually will be, we must solve it using least-squares meth-
ods. This is the critical inversion step, because this is where the ill-conditioned 
nature of the inversion problem manifests itself. We can mitigate this problem some-
what by choosing the frequencies so that the resulting N1 X Nz system matrix in (2) is 
reasonably well-conditioned in the mathematical sense, i.e., so that the columns of 
the matrix are relatively independent of each other. Putting it loosely, this reduces 
the ambiguity inherent in deciding which layer contributes to the measured induction 
field. We try to choose a broad frequency range for this purpose, and also prefer to 
have N1 two to four times greater than Nz, although in the examples to be shown later 
we take Nt = Nz· A matrix with a desirable structure is illustrated in Figure 2. Be-
cause of the skin-effect, only the top layers of the slab are excited at the higher 
frequencies, thus giving the transfer-function matrix the qulisi-triangular struc-
ture shown. The zero elements are not true zeros, but are much smaller than the other 
elements shown with an X. 
LAYER WITHIN SLAB 
TOP BOTTOM 
LAYER LAYER 
LOW FREQUENCY X X X X X X X X X X 
X X X X X X X X X X 
X X X X X X X X 0 0 
X X X X X X X X 0 0 
X X X X X X 0 0 0 0 
FREQUENCY 
X X X X X X 0 0 0 0 
X X X X 0 0 0 0 0 0 
X X X X 0 0 0 0 0 0 
X X 0 0 0 0 0 0 0 0 
HIGH FREQUENCY X X 0 0 0 0 0 0 0 0 
Fig. 2. Illustrating how the choice of frequencies produces a relatively well-conditioned, 
nearly triangular system matrix for inversion. 
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Nevertheless, the problem of ill-conditioning requires additional smoothing 
techniques, such as the use of a Levenberg-Marquardt parameter [3], [6]. The least-
squares problem now becomes: minimize the functional 
(3) 
where .X is the Levenberg-Marquardt parameter. The vertical bars denote the usual vee-
tor norm. It is not a trivial matter to choose .X; in the classic case of signal pro-
cessing with a known signal-to-noise ratio, .X can be taken to be the reciprocal of 
this ratio, but in the more general case in which such statistical data are unknown, 
.X may have to chosen using other criteria, or even empirically, using typical known 
results of inversion as a model. We have done this in the examples to be shown in the 
next section. 
The least-squares problem, (3), can be solved, for each (k,, ky). by either per-
forming a QR or Singular Value Decomposition [6] of the system matrix, H, and then 
constructing the minimum norm solution vector, if. The components of if are the Fourier 
transforms of the conductivity at each of the Nz layers of the anomalous region. Upon 
taking the inverse Fourier transform of if we construct the conductivity map of the 
anomalous region, or image the flaw. 
RESULTS OF NUMERICAL EXPERIMENTS 
We have performed numerical experiments to demonstrate the method. The exciting-
current sheet is oriented along the fiber direction, as shown in Figure 1. The lon-
gitudinal conductivity is u 11 = 2 X 104 mhos/m, and the transverse conductivity is 
u 22 = 100 mhos/m, which are typical values for graphite-epoxy [7]. The other parame-
ters used are: 
thickness of graphite-epoxy slab: 0. 50 inches 
number of layers (N,.): 10 
resolution in z-direction: 0. 05 inches 
number o~ grid -points: 64 x 64 
resolution in (x, y)-plane: 0.05 inch 
number of frequencies (Nf): 10 
frequencies used (in MHz): 1, 6, 11, 16, 21, 26, 31, 36, 45, 60 
The flaw is a square cylinder that penetrates the entire thickness of the graphite-
epoxy slab. Hence, its cross-section in each of the ten layers is identical. Upon re-
constructing the flaw in the manner just indicated, we get the results of Figure 3. 
The top layer is reconstructed perfectly (the rectangular shape is due to the dif-
ferent horizontal and vertical scales used in the plots), whereas the effects of the 
instability manifest themselves in the reconstructions of layers six through ten. It 
has been our experience that much of this 'halo effect' in the reconstructions can be 
eliminated by choosing the Levenberg-Marquardt parameter in an optimal manner. In 
performing these experiments we have used an empirical approach, based upon trial and 
error, in choosing the parameter. Nevertheless, the reconstructions are satisfac-
tory, in that the size and shape of the flaw are accurately portrayed. 
The reconstructions of Figure 3 were carried out by using all 4096 (= 64 x 64) 
spatial frequencies, (k,, ky), in (2). In order to get an idea of the relative impor-
tance of the low and high spatial frequencies in the refonstruction algorithm, we re-
constructed the flaw using only the u,.(k,, ky) corresponding to the lowest 225 (15 X 15) 
frequencies, (k,, ky), as computed from (2). Figure 4 illustrates the results for the 
first, sixth and tenth levels, as before. Clearly, the resolution has been destroyed, 
as we would expect with the absence of the high-frequency components, and the images 
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are quite :faint, which implies that the numerical values to be assigned to each voxel 
are too small. If, however, we use twenty iterations o:f the Lent-Tuy extrapolation 
technique [8] on the same 225 samples, we obtain the much improved results o:f Figure 
5. This indicates that we can obtain satisfactory reconstructions without solving 
all o:f the systems o:f equations o:f (2), as long as we post-process using some :form o:f 
image-enhancement via extrapolation. There was no simulated noise present in these 
experiments. Other numerical experiments with the multi:frequency algorithm indicate 
that noise effects can be smoothed by the use of a larger Levenberg-Marquardt parame-
ter than that used in the noiseless case. 
II '""''"-) 
(a) (b) (c) 
Fig. 3 . Gray scale representation of reconstruction using all 64 x 64 spatial frequen-
cies. (a) Top layer, (b) sixth layer, (c) tenth layer. 
(a) (b) (c) 
Fig . 4. Gray scale representation o:f reconstruction using the lowest 15 X 15 spatial 
frequencies. (a) Top layer, (b) sixth layer, (c) tenth layer. 
(a) {b) (c) 
Fig. 5. Gray scale representation of reconstruction using the lowest 15 x 15 spatial 
frequencies, followed by twenty iterations of the Leny-Tuy extrapolation technique 
[8] . 
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COMMENTS AND CONCLUSIONS 
The algorithm, as we have described and demonstrated it, will give us infor-
mation on a variety of flaws, such as fiber-density and fiber-breakage, in uniaxial 
slabs. Our next effort is to extend the electromagnetic model and reconstruction al-
gorithm to include the more general case of multi-ply layups, i.e., slabs in which the 
fiber direction of each ply are different. 
The reconstructions shown above provide information about the longitudinal con-
ductivity; if we rotate the current sheet by ninety degrees, we can gain additional 
information about the transverse conductivity. This combination can be extremely 
useful in many instances. For example, if the slab has absorbed moisture, thereby 
causing the epoxy to expand while reducing the fiber-to-fiber contact, we expect to 
see a significant reduction in the transverse conductivity with relatively little ef-
feet on the longitudinal conductivity. Therefore, a reconstruction procedure that 
allows this information to be gathered and processed is valuable. 
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DISCUSSION 
Mr. Howard P. Groger (American Research Corp. of Virginia): Did you look 
into probe orientation, i.e., whether the probe is tilted or not with 
respect to the fibers? 
Mr. Sabbagh: At this time our work has dealt with arbitrary probe 
orientations only in the transverse (x,y) plane. It is a straight-
forward task to include orientations of the probe in any plane that 
contains the normal to the composite plate, but we must know the 
conductivity in the z-direction in order to best use the model. In 
our work we have assumed the two transverse conductivities to be 
equal. 
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